A review of investigations of running couplings using lattice techniques is given. This includes i) studies of the running of particular non-perturbatively de ned renormalized couplings in pure gauge theories over a range of energies, and ii) how estimates of MS (mZ) in lattice QCD are presently obtained.
INTRODUCTION
A widely accepted property of QCD is asymptotic freedom (AF), which allows the computation of certain aspects of high energy E processes as a perturbative series in a coupling which depends on E and goes to zero as E ! 1. There are in nitely many physically admissible nonperturbative de nitions of running couplings. At low energies (LE) these can have completely different behaviors from one another, but at high energy (HE) they behave similarly and can be related to one another using perturbation theory (PT).
The currently most widely used scheme for the analysis of experimental data in HE physics is the MS scheme 1] using dimensional regularization. However it is important to bear in mind that MS is only operationally de ned in PT. Its extraction from experimental (or numerical) data is not entirely straightforward. Obviously it requires the dropping of higher order terms which have not been computed. But more awkward is the fact that the nature of the perturbative series is unknown and there are principle uncertainties 2] due to the neglect of non-perturbative effects; these are typically O( 2 MS =E 2 ) (where MS , the so-called lambda-parameter, is a characteristic hadronic scale), only a priori negligible at really high energies. For example to take the uncertainty of such e ects into account it has been suggested 3] that the error in MS (m ) now quoted 0:36(3) should be doubled (yielding 0:122(7) for MS (m z ) instead of 0:122(4)).
Values of MS extracted from various experiments in an energy range up to the Z-peak are qualitatively consistent with the running predicted by the renormalization group (RG) equations using perturbative -functions, but the statistical and systematic error bars are too big to make de nite statements. A compilation of values for MS (m Z ) from various experiments was made last year by Webber 4] . There is tendency for the central value extracted from low energy (and run to m Z using RG) to be slightly lower than that obtained directly from the LEP collider at the Z-peak. An often posed question in present phenomenology 5] is whether this is due to underestimating the systematic errors referred to above or whether the potential discrepancy should be taken seriously and interpreted as a manifestation of new physics.
A de nition of QCD requires a non-perturbative regularization e.g. the lattice. The possibility to compute running couplings in asymptotically free theories through numerical simulations of the corresponding lattice theories has recently attracted much attention 6]-33]. There are two main directions of research: in the rst one actually studies the running of a coupling over a range of energies; in the second one uses certain measurements (see sect.6) to estimate MS at relatively low energies and then reaches a value of MS (m Z ) assuming applicability of perturbative RG running.
The de nitions of the coupling which have been investigated on the lattice are given in sect.2. If these are measurable to su cient accuracy, one can actually test if the behavior is really that predicted by the RG with the perturbativefunctions. There is no rigorous proof that this must be the case, and some authors 34] favor the scenario that although the continuum limit of lattice QCD may exist and describe the LE physics properly, the HE behavior will not be that described by AF (i.e. typical couplings will not approach zero at HE). Such scenarios can practically not be distinguished experimentally, but the question can be addressed on the lattice.
Taking the conventional scenario as a working hypothesis, the determination of MS (m Z ) with a reliable error estimate requires various basic ingredients: 1) an accurate determination of a reference energy scale (see sect.3.); 2) the introduction of a non-perturbatively de ned renormalized coupling which can be measured accurately on the lattice over a wide range of energies; and 3) a careful treatment of the continuum limit. Having these one can see at which energy the expected perturbative behavior actually sets in, and thereon one can con dently run to even higher energies e.g. m Z , where one converts to the MSscheme. In order to avoid introducing an additional error > 1% at this nal stage one needs the knowledge of the relation to MS to 2-loops (see sect.4).
The program above has so far only been achieved for pure gauge theories 7]-13] (see sect.5). To obtain preliminary estimates of MS (m Z ) in QCD a shortcut has been proposed which involves the dropping of steps 2) and 3), and using instead a modi ed bare PT as explained in sect.6, to estimate MS at some lower energy and then using perturbative running to m Z . It turns out in pure gauge theory that this procedure reproduces the results of the more detailed investigation, but one would not be able to say this a priori since the systematic errors due to cuto e ects are not really controlled in the shortcut approach.
In QCD the method above has been invoked 21]-33] producing results (already quoted in the Particle Data Tables) consistent (at present) with experimental determinations. Such computations have been made in the quenched approximation and in full QCD with n f = 2; these are reviewed in sect.7. In sect.8 we describe the status of the Alpha-collaboration project to study the actual running. Finally in sect.9 we brie y discuss the treatment of the heavy quark thresholds. 
where F(r) = dV (r)=dr is the force (up to a sign) and C F = (N 2 1)=2N. Alternatively one can consider the Fourier transformṼ (q) of the potential and de ne
Yet another recent suggestion 19] is to de ne couplings by using R T Wilson loops with R=T = x xed instead of taking the T ! 1 limit.
With these de nitions it is di cult to get (q) in a large momentum range, despite the fact that the quality of data on Wilson and Polyakov loops is now very good.
From the 3-gluon vertex
Couplings de ned from the 3-point vertices were previously investigated in PT and considered (despite gauge dependence) \more physical in some respects" than MS . Recently a project has been initiated 20] to measure a renormalized coupling based on the triple gluon vertex G (3) (in the Landau gauge). Again the momentum range which can be covered is very small at present.
Couplings running with the volume
The rst coupling which runs with the box size to be considered in gauge theories, is based on the Schr odinger functional (SF) 7] Z(L; ). This is the partition function on a nite volume L L 3 with periodic boundary conditions in the spatial directions and Dirichlet bc's in the`time' direction. The elds at the boundaries (x 0 = 0; L) have to be chosen appropriately (see 7]) and depend on a parameter . The coupling is then de ned as a response of the system to changing the bc's A second de nition is based on the ratio of correlations of Polyakov loops 11]:
where the gauge eld satis es periodic bc's in the z-direction but twisted bc's in the x; y directions. At low energies this coupling goes to a constant. These couplings seem at rst rather exotic, but at HE they can be matched to in nite volume physical couplings using PT. The basic advantages of couplings which run with the box size L were explained in detail in ref . 9] . Firstly they can be accurately measured over a wide range of energies. Secondly, a very important aspect, is that there is a well-controlled extrapolation to the continuum limit.
Generalities
All the couplings above can be de ned in the theories including fermions. Note, as mentioned previously, they all behave asymptotically the same at HE but very di erently in the LE (nonperturbative) regime. Given one coupling one can trivially de ne from it another valid coupling having di erent LE behavior. An illuminating example was given by Michael last year 16]; for pure gauge theories consider the coupling~ F (q) = C 1 F r 2 (F(r) K), where K F(1) is the string tension. At HE~ F (q) and(q) have the same perturbative expansion and di er only by a nonperturbative term / exp 1=4 b 0(q)] 1 which becomes negligible (< 1%) for q 10GeV.
SETTING THE SCALE
To set the energy scale one needs a physical in nite volume observable q 0 (with mass dimension). At a given bare coupling 0 , a measurement of aq 0 then gives the lattice spacing in units of q 0 (or in units GeV 1 if q 0 is assigned its physical value). The dependence on the observable will not be considerable provided one is in the scaling region where cuto e ects are small. The working hypothesis, motivated by the work of Symanzik 35], is that physical quantities approach their continuum limit with power corrections in a.
The problem is to nd a scale which can be measured accurately since errors q 0 in a scale q 0 give errors = 0:2 q 0 =q 0 in at m Z i.e. one needs the scale to < 5% to avoid introducing an error > 1%.
For the pure gauge theory one can consider for example a glueball mass or the string tension K. Starting from the potential V a better parameter is Sommer's scale r 0 36]: r 2 0 F(r 0 ) = 1:65:
(5) It is easier to extract from the data than K and its de nition extends to the theory with fermions. Actually r 0 is not obtained directly from experiment; the value 1.65 above is chosen since the phenomenological potential describing the spectrum of charmonium has this value for r 0 0:5fm. For N = 3; p Kr 0 1: 2 36] . One could contemplate eventually using some spectral value m or m P . But at present this is rather di cult because of the required quark mass extrapolation m q ! 0, and in the case of m one needs to take into account resonance e ects. Alternatively one could take meson decay constants e.g. f , but this involves careful non-perturbative evaluation of the axial current normalization constant.
Setting the scale with mass splittings in heavy quarkonium 23,21] 1P 1S,2S 1S has various advantages. Firstly they empirically depend only weakly on the heavy quark mass and secondly they are expected to be rather insensitive to very light quark e ects. The main problem is that in presently conceivable simulations of relativistic fermions m c a 1, so that cuto e ects are potentially large. The way to overcome this is to use an appropriate e ective lagrangian for the heavy quark system e.g. a non-relativistic treatment 28,21] (see also sect.7). (4) one can convert from the X-scheme to the MS scheme 1]. Since 0:1 at the Z-peak, it is necessary to know the coe cient c X 2 if we want to obtain results for MS (m Z ) to a precision of 1%.
The s-dependence of the coe cients is xed by the RG equation: c : (8) The c 1 have been computed for all the schemes mentioned in sect.2 and are given in Table. 1. The reason for introducing the scale factor (\boost") s in eq. (6) is the intuition that before making practical use of the series, s should be xed so that the low-order terms are reasonably small (as far as possible). One can e.g. chose the value of s = s 0 such that c 1 (s) vanishes; this is just given by the ratio of the -parameters Apart from this rather trivial example, at present the only known 2-loop parameter c 2 is for the scheme X = SF for N = 2; n f = 0 37,38].
Expansions in the bare parameter
To get the relationships between the di erent schemes it is often easier (albeit not necessary) to (11) In the continuum limit the bare coupling and the lattice spacing a are simultaneously taken to zero in such a way that a is an exponentially vanishing function of 0 . In this context it is consistent to drop all terms of order a p ; p > 0 contributing to the coe cients d n , which then reduce to polynomials in ln(qa) as determined by the RG equation cf eqs. (7, 8) . When we combine the relations for di erent schemes to eliminate 0 the dependence on a also drops out.
The coe cients d X n (1) depend of course on the lattice action used. Here we consider only a 4-dimensional hypercubic lattice and for the pure gauge SU(N) theory the standard Wilson action. The coe cients d X 1 for all schemes can be obtained from the knowledge of c X 1 and d MS 1 which was computed nearly 15 years ago by A. and P. Hasenfratz 39] :
with k 1 given in Table 2 . The rst 2-loop coe cient d 2 to be obtained was for the SF-scheme for the case of SU (2) To determine d MS 2 (1) the background eld propagator must be worked out to 2-loops on the lattice, and matched with the corresponding quantity in the continuum theory using the MS scheme of dimensional regularization which has been previously computed by Ellis 41] 
The nal result is
where k 2 ; k 3 are given in with a n given in Table 2 , and k 2 is the same constant as in eq. (15) . The coe cients a n have been checked using MC methods 51]. These computations (and those of the previous subsection) illustrate the rapid growth of the application of algebraic and numeric computer methods for the evaluation of lattice Feynman diagrams.
INVESTIGATING THE RUNNING 5.1. The SF-and TP-couplings
Last year Guagnelli 13] presented the results of the Alpha-collaboration study of the universality of the continuum limit in pure SU(2) YangMills theory. The two couplings SF and TP (see eqs.(3,4)) were accurately determined 12] over a large range of momenta given in units of Sommer's scale r 0 36]. A crucial feature to appreciate in these analyses is that the results are extrapolated to the continuum limit, using a multi-lattice approach. The method has been discussed in detail in many places (see e.g. 10]). The idea is that a sequence of lattices with parameters ( = i ; L=a = L i =a) are determined such that say the coupling SF (L) remains xed, and then for the same parameters SF (2L) is measured and the resulting sequence is extrapolated to the continuum limit. Here, (as referred to in sect.3), the working hypothesis is that cuto e ects fall as powers in a=L. It was found that the data was certainly consistent with such a behavior. The procedure is then repeated for SF (L) xed at the previously extrapolated value of SF (2L), in order to obtain the running.
For a sequence of lattices with xed value of SF (L) we also measured the corresponding values of TP (L). These approached a de nite value (again in the expected way) providing additional evidence for the existence of the continuum limit.
A remarkable property of both couplings (in the continuum limit) is that their evolution in the momentum range covered by the numerical simulations is well described by the 2-loop approximation to the Callan-Symanzik {function 8,12] 4 , only TP at the lowest energy shows a slight deviation. We also found that the perturbative relation between the couplings (unfortunately only known presently to 1-loop) works better if one chooses the corresponding boost s (cf sect.4) to be equal to the appropriate ratio of {parameters rather than just setting s = 1. These features can be seen in Fig.1 . Since SF runs with the expected RG behavior in the HE range measured, it is reasonable to continue the integration up to even higher energies and there convert to the MS-scheme. If we choose s = MS = SF , (which proved successful above), then at q = 200=r 0 (which corresponds to about 80 GeV in physical units), the result using the formulae only to 1-loop is 12] (SU (2) (21) The main impact of the 2-loop correction is that the estimated error from the neglected higher order terms (now 4 SF ) has been reduced from a few percent to a fraction of a percent and is now less than the statistical error.
The SF-coupling has also been measured in the SU(3) theory 10]. Again the expected running was observed and the results are qualitatively similar to the case of SU (2) . Unfortunately the result for d SF 2 for N = 3 is not yet available 5 , so formulae are presently restricted to 1-loop. The result for MS from the data point at highest energy is given in Table 3 for two choices of the boost s.
Couplings from the potential
The data on Wilson loop expectation values and on their correlations now available is of very high quality, both in SU (2) Fig.2 , the force itself as a function of distance in units of r 0 , which emphasizes the non-perturbative aspects. Fig.2 was produced by L uscher from data (in Table 3 . One indeed observes remarkable evidence for the presence of L uscher's universal =(12r 2 ) force 54]! Also it is rather surprising that this formula, which is an asymptotic formula for the non-perturbative large r regime, actually describes the data quite well up to quite HE -yet another example of precociousness (but this time from the other end). Fig.2 ; the corresponding plot (updating that in ref. 55]) can be obtained from Wittig. As a typical result for MS , take the data for(q) at = 6:5, which covers the range up to q 7=r 0 . Then using the 1-loop perturbative relation (with s = 1) to go to the MS{scheme and 2-loop evolution from thereon one obtains the third entry in Table 3 , in satisfactory agreement with the SF-value.
There are many papers which rely on global tting procedures to extract the coupling. For example Klassen 18] proposes to obtain V by tting the lattice data for the potential with a simple ansatz which assumes a particular form for the cuto e ects. The the expected continuum behavior in IR and UV is also built in and the associated parameters are obtained by optimizing the ts. However attractive a particular ansatz may be, the results depend sensitively on the form of the ansatz, and within such a procedure it is hard to make reliable error estimates.
The MOM-coupling
A preliminary study of the running of the MOM coupling in SU(3) Yang-Mills theory has recently appeared 20]. Unfortunately the momentum range covered at present is rather limited, but the authors claim their results are in satisfactory agreement with those obtained by the other methods.
USES OF BARE PT
At rst it seems that the series eq. (11) is of little practical use since it only applies if 0 ln(qa) is small. But, as explained in 12], a similar situation is encountered in the continuum theory, when X (q) is expanded in powers of X (q 0 ) with q 0 q. If we now choose q 0 proportional to 1=a the series may be combined to give The formula above forms the basis of a more direct way to obtain the value of the running coupling at say the Z-peak pioneered by the group at FNAL 21,56]. The idea is 1) to measure a physical scale at a given bare coupling to get a value of a( 0 ); 2) use a formula of the type of eq. (22) to get a value for MS at q = s=a and nally 3) run to m Z using the perturbative evolution. Table 3 respectively.
The NRQCD group 29] introduce P through 2 = P (1:185 + 0:070n f ) 2 P ;
(29) where the coe cient multiplying n f also depends on the fermion action used (Wilson in this case).
P is not a physical coupling; but using measurements of P and a physical scale at the same bare coupling one operationally assigns a value to P (q ) via eq. (29) . The coe cients in eq. (29) are chosen s.t.
V (q ) = P + O( Let us see how this prescription works out in the pure gauge theory. For example for SU(3) at = 6:0 the scale r 0 =a = 5:44 (26) 17]. Now use eq. (29) and the measurements of 2 to get an estimate for V (q ) and then use eq.(31) to get MS (e 5=6 q ). Finally evolve via the RG with perturbative 3-loop {function to the desired energy q. For q = 37=r 0 the result of this procedure is the 5'th entry in Table 3 . Note only one error is shown corresponding mainly to the scale error. The second is an unknown systematic error because, one is working here at one value of the bare coupling, and hence an extrapolation to the continuum limit has not been made. The best we can do is to repeat the procedure for larger values and observe how the results converge. For example for = 6:4; 6:5 one has r 0 =a = 9:90(54); 11:23(21) from 17], 15] resply., they give the same nal result, the last entry in Table 3 . Despite the fact that with this procedure a reliable error estimate is di cult to make, the results seem indeed in good agreement with those of SF.
EXTENSIONS TO FERMIONS
So far there has been no lattice investigation of the actual running of a coupling in QCD. But encouraged by the success of the FNAL method to get MS in pure gauge theories (see the previous section), many groups have been applying the method to fermions using quarkonium mass splittings to set the scale. Measurements have been made in the quenched approximation and for dynamical quarks with n f = 2 with both Wilson and staggered fermion actions. To obtain values for MS in the realistic case there remain the principle problems of 1) the extrapolation to n f = 3 and 2) the evolution over the heavy quark thresholds (a discussion of this is postponed to sect.9). ADHLM 33] . The groups all use some nonrelativistic approximation, an expansion in powers of v (or 1=m), where v is the velocity of the heavy quark in the quarkonium. However there are some di erences in the the details of the approaches e.g. in the number of terms which are kept in the expansion, the way the light quarks are treated, and in some cases improved actions are used (see e.g. 33]) for the gauge theories and for the fermions. Despite these di erences, which imply di erent cuto e ects, there is in general good agreement between the results of the groups for both charm and upsilon (see e.g. Setting the scale, in the quenched approximation, using quantities with di erent characteristic scales q , one ends up with di erent estimates for the coupling e.g. there is a 5-6 sigma discrepancy in the NRQCD evaluation 27] of P (8:2GeV) between upsilon and charm (see the rst entries in Table 4 Values of P (8:2GeV) from NRQCD, n f = 3 corresponds to extrapolation of 1 to n f = 3 n f scale Table 4 ). This is however not surprising because the quenched approximation should not describe the running between the di erent q 's correctly, since n f is not the physical value.
Quenched approximation
A heuristic way which was used 21] to obtain an estimate for n f = 4 from a quenched measurement, say in charmonium at q 5GeV, is to perturbatively run with n f = 0 down to a typical charmonium scale 1GeV, and then integrate back up with n f = 4. Within the quenched approximation alone it is however di cult to estimate the systematic errors involved in such a procedure.
In a recent review talk El-Khadra 7 summarized the following estimates for various errors contributing to the determination of (4) MS (6 8GeV) in quenched calculations: statistical error 1 3%, nite a 1 3%, perturbative 5%, sea quarks 5 8%. This gives a total of 8 10% which at m Z amounts to 5 7%.
Dynamical quarks
The KEK group 31] were the rst to report dynamical quark simulations measuring 1P-1S splittings and the plaquette expectation value P. They used n f = 2 Wilson quarks and extrapolated P to m q = 0. They observed that integrating back the n f = 0; 2 points, using the RG, the curves indeed come close at E 0:5GeV, which supports the original procedure adopted in 7 in Pittsburgh, June 1995 ref. 21] . Encouraged by this they extended the method to go to n f = 3 from their measurement at n f = 2. Then evolving over the heavy quark thresholds and running to the Z-peak they obtained the result ( 
5) MS
(m Z ) = 0:111(5). NRQCD has increased statistics on dynamical simulations compared to a year ago. A detailed report of their results can be found in these proceedings 27]. In particular they have studied the sensitivity of (nf ) P to: 1) the dynamical light quark mass m q and 2) on the physical quantity used to determine a 1 (e.g. charmonium versus upsilon splittings). Concerning point 1) their new data at am q = 0:025 is consistent with the statement that extrapolation from the bare mass value am q = 0:01 used previously (a 1 = 2:4GeV) to realistic light quark masses has negligible e ect compared to statistical errors.
Concerning point 2) they nd that estimates of the coupling P (8:2GeV) still depend on the physical quantity used to set the scale, but the di erences are not as pronounced as in the quenched case. The estimates from various physical quantities have di erent dependences on n f and a comparison of n f = 0 and n f = 2 results suggests that P will become insensitive to which physical quantity is used to set the scale, once the correct number of dynamical avors n f = 3 is incorporated. Linearly extrapolating in n f their values of 1 P at n f = 0; 2 to n f = 3, NRQCD 27] obtain the last three entries in Ta 
THE -COLLABORATION PROJECT
The Alpha-collaboration has now completed detailed studies in pure gauge theories. Our program has so far been rather limited in physical extent; the stress has been more on precision (the control of systematic errors) and on the development of reliable methods applicable in more general situations.
We are now turning to QCD. The section at Rome II have been investigating \bermions" 58], a method rst suggested in ref. 59 ] to take fermion e ects approximately into account by extrapolation from negative n f .
The main next goal is to measure the SF coupling in full QCD. The analytic framework is on a rm footing thanks to the work of Sint 60] who discussed the appropriate boundary conditions for the fermions and studied the renormalizability. Sint and Sommer 61] have completed various 1-loop computations of the SF-coupling including fermions; for N = 3 they obtained the term / n f in Table 1 . They computed with Wilson fermions with and without the Sheikholeslami-Wohlert 62] improvement term, and showed that O(a) cuto terms at 1-loop could indeed be removed (with SW) by a modi cation of the weights of plaquettes touching the boundary. As a by-product they also obtained the ratio of the lattice -parameters for the theories with and without improvement SW = W = expf0:02479675n f =(2b 0 )g: (32) The program development for simulations on the QUADRICS (APE) is well under way for full QCD (N = 3). I would like to draw your attention to two useful studies which have arisen from the preparation of this project. The rst by Jansen and Liu 63] who have made a study of the Kramer's algorithm rst suggested by Horowitz 64] . The second is an e cient method for the computation of the eigenvalues of the lattice Dirac operator, by Kalkreuter and Simma 65] . Tests still remain to be made as to which fermion algorithm should be used. Recently there have been some improvements 66,67] to L uscher's algorithm 68], so this looks rather promising.
The expansion of SF along the lines explained in ref. 37 ] and the extension of the background eld method for computing MS 8 in powers of 0 to 2-loop order in QCD with Wilson quarks is straightforward. Such computations would certainly be welcome, but it may take a while until the precision on SF which can be reached in numerical simulations of full QCD is comparable to the magnitude of a typical 2-loop correction.
HEAVY QUARK THRESHOLDS
Among the rst to consider how to take the heavy quark thresholds into account were Georgi and Politzer 69] already in 1975. Their considerations rested on the pioneering paper of Appelquist and Carazzone 70] in which their \de-coupling theorem" was stated: In a renormalizable eld theory the heavy elds decouple at low momenta except for their contribution to renormalization e ects.
In the MS-scheme the -function governing the running of the coupling g MS is independent of the quark mass. This is not in con ict with the theorem since when a Green function is expressed as a series in the MS-coupling, the terms of the series are such that they convert into a series in an e ective coupling which behaves as if only the light degrees of freedom are present. The explicit demonstration of this to 2-loops is contained in a series of papers by Ovrut and Schnitzer 71] and by Wetzel 72] . Subsequently Bernreuther and Wetzel 73] , assuming the AC theorem to hold for a momentum subtraction scheme, discussed the general relation (to all orders PT) between the couplings of the full theory and the e ective light theory (valid in the momentum region m heavy ) in the MS-scheme.
How to take the heavy quark thresholds into account is thus quite well understood; a recent account has been given by Rodrigo and Santamaria 74]. The discussion in principle replaces ad hoc phenomenological matching relations such as g (4) MS (cm b ) = g (5) MS (cm b ) (for some c 2), but in practice such matching conditions yield results very close to those of a full analysis. 8 This computation is being contemplated by R. Frezzotti
Mass dependence of the SF-coupling
The -functions of all the couplings speci ed in sect.2, are quark mass m dependent, and the running shows the decoupling of the heavy fermions. This can already be seen at 1-loop; the 1-loop coe cient takes the form, b 0 (n f ; z) = b 0;0 + n f b 0;1 (z) (33) where z = m=q (q the momentum with which the coupling runs). The mass dependence of b 0 (n f ; z) in the MOM-scheme was considered in 69] , and that of the V-scheme is practically the same 75]. In their recent paper Sint and Sommer 61] obtained b 0;1 (z) in the SF-scheme; it is plotted along with that of the V-scheme in Fig.3 . The transition from an e ectively massless quark to an approximately decoupled heavy quark in the SFscheme is not as rapid as in the V-scheme. This is because in the SF-scheme there are corrections odd in m (/ z as z ! 0, / 1=z as z ! 1), due to the`temporal' fermion bc's. As discussed in ref. 61 ] the 1=z term in the -function seems to pose a problem for the full non-perturbative computation along the lines of ref. 10], since quarks much heavier than 1=L induce lattice artifacts that dominate over their physical e ect if one is limited to lattice sizes say L=a < 20. However one can in practice omit quarks with z > z cut 2, since if this is done then the error induced in 1= g 2 (at 1-loop) is only about 0:003 61], which is a factor 10 less than the experimental error at LEP.
CONCLUSIONS
The various lattice determinations of MS (m Z ) in pure gauge theory are consistent. These include treatments where extrapolation to the continuum limit is made carefully 6] -13] and more direct approaches 21] where this is not the case.
The Alpha-collaboration have initiated a program to study the running coupling in full QCD. Until results of these (or analogous) studies are available, in order to make statements relevant to present phenomenology the \shortcut method" which worked well in the pure gauge case has been applied. This has been done for quenched 25] and for dynamical fermions. The m q ; n f ; dependence has been explored to some extent by the NRQCD group 27], but it still needs more work. It is crucial that the error sources are controlled and in particular systematic errors not underestimated. Probably a realistic goal in the near future is to match the experimental error 5%.
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